Abstract: Computing the permittivity and permeability of complex materials has previously relied on a series of simplifying assumptions to enable analysis. The most restricting requirement is that the optical axes of the material must align with the laboratory frame of reference. This requirement cannot be met for a large group of materials, including crystalline structures and metamaterials such as tilted nanorods. Currently, designing the optical characteristics of these structures would require ellipsometric analysis, which uses an error-correction-based technique. Here, a new technique built upon the underlying physics of ellipsometry is proposed to extract arbitrary permittivity and permeability tensors using a set of off-axis measurements. This new permittivity and permeability tensor extraction technique allows all 18 elements of the permittivity and permeability tensors to be nonzero and extracts them, given a set of reflectance and transmittance measurements. Several materials are analyzed here, including a) an isotopic plane of known permittivity, b) an anisotropic aligned structure, and c) a tilted-nanorod-based sample that cannot be measured using traditional methodologies. The isotropic plane shows very low error ðG 10 À4 %Þ in the x and y tensor measurements and around 1% error in the z tensor measurement at higher (metallic) permittivities. The aligned structure's characteristics are compared to measurements made with traditional techniques and show excellent agreement between the techniques. The tilted nanorod characteristics are analyzed and used to predict the reflection and transmission coefficients at other angles. The predictions compare very well with the computational electromagnetic simulations, showing at most 5% error over the range examined.
Introduction
The study of metamaterials is an active field of research which aims to design materials with desired characteristics by use of sub-wavelength structures [1] - [11] .These materials may have desirable properties not found in nature [1] . One such example is negative index materials, the utility of which was first proposed by Veselago in 1967 [2] . It was not until 2000 that Smith et al. [3] first demonstrated materials exhibiting these properties. Their work was built off of the work of Pendry, who the year before created one of the first metamaterials using loops of copper to induce magnetic behaviors within materials [4] . Since then, many more materials have been demonstrated, such as the microwave cloak [5] , [6] and magnetic metamaterials [7] - [9] .
The scale and form of the structures make closed-form electromagnetic analysis impossible, necessitating the use of computational electromagnetics to predict the material's behavior. Typically, these structures are designed to induce behaviors at a scale where the material can be replaced by a single layer with complicated permittivity and permeability properties which mimic the metamaterial [12] .
Determining these characteristics, either in an experimental setting or design environment, can be difficult. Extensive research has been performed in the area of parameter extraction. These methods are forced to make certain simplifying assumptions to make these techniques possible [12] . One of the primary assumptions is the alignment of the material; it is typically assumed that the optical axes are aligned with the laboratory frame of reference [13] . This assumption is valid for many [14] - [16] , but not all [17] - [19] , structured materials.
Many of the simplifying assumptions stated above are not present in the field of ellipsometry. The 4 Â 4 matrix methodology derived by Schubert [20] - [22] allows the complex reflection and transmission coefficients to be found for a material with arbitrary, defined permittivities [22] , [23] . These coefficients are compared against experimental data to determine the effective permittivities of a material [24] , [25] . It is important to note that this method is iterative; it relies on an error analysis routine to ultimately arrive at the best answer for describing the structure.
The more ideal process would be one which is deterministic: using a set of measurements, the desired characteristics can be found directly. This cannot be done within the process of ellipsometry. The final step of ellipsometry involves converting wave amplitudes and phases to ellipsometric angles, which is a non-invertible operation. This is necessary in an experimental environment, as they convert to quantities which are observable in a laboratory setting. However, in a computer simulation, the absolute amplitudes and phases of the fields are known, which allows the non-invertible step to be omitted.
Utilizing the absolute amplitudes and phases of the reflected and transmitted light provided by a computer simulation, the transfer matrix of the sample can be found directly. From this, the underlying permittivities and permeabilities of the structure can be deduced unambiguously. This method is free from many of the assumptions previously necessary in other techniques, and relies on small number of simple assumptions, such as a known layer thickness and the validity of the effective medium approximation. This allows for a design tool from which a set of simulations yields a set of desired characteristics.
Theory

4 Â 4 Matrix Theory
The field of ellipsometry uses a technique commonly known as the 4 Â 4 matrix theory in order to predict the specular reflection and transmission from a layered material with an arbitrarily complex permittivity tensor [20] . The following derivation develops along a similar path, but with a few notable differences, including the inclusion of a back-traveling wave (a wave incident from the backside of the material, as derived in [26] ) and a non-identity permeability tensor.
Given a simulation in which a plane wave E i is incident on a material made up of layers with unknown permittivities and permeabilities, it is assumed that there is a linear relationship between the field incident on the top of the sample and the field reflected ðE r Þ, as well between as the incident and transmitted fields ðE t Þ. A similar argument is easily made for fields incident along the back-traveling path ðE b Þ, being related to the fields reflected and transmitted. (For this derivation, the back-traveling wave excites E r wave upon transmission through the sample, and E t upon reflection.) All four of these waves are easily decomposed into their TE and TM components with respect to the plane of incidence, which is shown in Fig. 1 . where n s is the index of the substrate, and s is the angle of transmission. Note that the substrate is considered the medium from which no light is reflected back into the system; e.g., a split-ring resonator mounted on a thin slab of silicon would consider air to be the substrate, if the simulation included the silicon substrate, as seen in [27] .
The final matrix is the partial transfer matrix Ç (denoted T p in most ellipsometric works [20] ), which relates the E and H fields on the top of the material with those at the bottom. It makes use of Berreman's equation to do this, which is
where Á is a 4 Â 4 matrix that is composed of permittivity, permeability, and electro-optic cou- 
where K xx ¼ n i sin i . The partial transfer matrix Ç is then found from (5) as
where ! is the frequency of the incident light, c is the speed of light in a vacuum, and d is the thickness of the layer. If the material has multiple layers where the effective characteristics of a single layer is to be determined, the problem can be restated slightly using multiple Ç layers [22] . The matrix Ç is then considered to be a product of matrices, where each matrix defines how light propagates through that particular layer. If the permittivities of the other layers are known, the matrix defining propagation through the unknown layer can be determined, and the effective characteristics can be determined from the extracted matrix.
This allows for a direct mechanism for converting from known permittivities, permeabilities, and layer thicknesses into reflected/transmitted fields. These equations have been used extensively in the field of ellipsometry [20] - [22] , [26] . The approximate permittivities are modeled using oscillators [29] , then used to generate ellipsometric angles (which simply describe the relationships of the reflected TE and TM fields to each other). The model is then optimized such that the measured angles match the modeled angles. At this point, it can be assumed that both the model and the measured material have the same physical characteristics.
Determining T and Á from E
Given a simple set of experiments, it is possible to determine the transfer matrix T . However, these experiments are better suited to simulations than laboratory measurements due to the necessity of determining the absolute amplitudes and phases of the fields. Note that ellipsometry uses the relative field amplitudes and phase difference; this does not provide sufficient information for the following extraction methodology.
If a material with an unknown T matrix is illuminated with an incident plane wave, there will be some reflected wave and some transmitted wave. For a purely TE incident wave, (1) 
The parentheticals refer to the measured values during the specific experiment. 
These equations together are sufficient to extract the first and third column of the T matrix 
where
This set of equations becomes singular when the value of jX j is zero. This is due to the matrix inversion which occurs during the derivation of these equations. The matrix which is inverted is the relationship between the incident and transmitted light. A matrix will always be invertible as long as none of the columns are multiples of the others [30] . The only time this matrix is not strictly invertible is when the transmitted light excited by one incident polarization is the same scaled state as the transmitted light excited by the other. In general, this is not the case, and would only be a problem if a) the transmitted light goes to zero, or b) one polarization state is completely extinguished upon transmission. The lack of transmitted light is the bigger concern of the two conditions. A situation where condition b) is relevant has yet to be observed. Given this, the back-traveling wave can be used to determine the remaining unknown elements of the transfer matrix T . 
This gives all 16 complex unknowns from a series of 16 measurements performed during four simulations: TE incident, TM incident, TE back-traveling, and TM back-traveling. The value of Á is then extracted from the transfer matrix T , given a known layer thickness d . Assuming there is only one effective layer present in the system, the T matrix is found to be
Both projection matrices are invertible, and !, c, and d , are known, which gives the matrix Á as
Note that the log operator is not, strictly speaking, the inverse of the matrix exponential [31] . However, it is the inverse operation for many cases, where the layer thickness is small compared to the wavelength. It can be shown that for thicker layers, higher frequencies, and higher permittivities, the inversion of the exponential is not equal to the logarithm. This is where the multiple roots (commonly referred to as a branch cut) of many other approaches appears in this extraction methodology [12] , [16] , [32] , [33] .
Recovering : and M
If the material has the property M ¼ I (common in many materials not designed for magnetic responses), where I is the identity matrix, the tensor : can be directly extracted from the matrix Á. The matrix Á given in equation (7) is simplified to the more common form seen in other works such as Fujiwara's [22] . This allows for the extraction of zz from the Á 14 element
With this simplification, the permittivities used in Á 11 , Á 12 , Á 34 , and Á 44 of (7) can be easily found, and finally the permittivities used in the lower-left quadrant of the matrix Á can be determined.
Extracting the values of : and M simultaneously requires an additional set of measurements.
This second set of measurements is the same as the first but with the sample rotated by 90 . 
These tensors are identical to the previous tensors, simply rotated by 90 . The original Á will now be referred to as Á ðxxÞ . Note that K yy is equal to K xx when both measurements are performed at the same angle with respect to normal. Throughout the rest of this document, they will be assumed equal, and referred to as K xx .
The combination of Á ðxx Þ and Á ðxy Þ can now be used to extract all 18 elements of : and M.
The zz elements of both tensors are determined first as 
The xz, yz, zx , and zy elements of the tensor can be subsequently recovered from the known values 
This gives all 18 elements of the permittivity and permeability tensors unambiguously. Alternatively, the same values may be found using the Á ðxyÞ instead of the Á ðxxÞ . For instance . All of the tensor elements, except the xz, yz, zx , and zy elements, can be determined in this manner, which allows for an option to check the validity of the extracted data, or average it over the two separate results for better accuracy.
Simulation Results
The following simulations were performed using the software FLO_K. FLO_K is a finite-elementmethod-based computational electromagnetics solver, developed as an offshoot of the SENTRi software under the CREATE program [34] , and designed for analyzing periodic structures. The software using a floquet-based set of equations to calculate complex reflection and transmission coefficients for periodic structures. It is capable of solving for the coefficients of multiple grating orders, but only the (0,0) orders (specular reflection and transmission) are needed for the following analyses. Meshes are generated using the CAPSTONE software, which is also part of the CREATE program.
Isotropic Planar Sample
The first simulation is a simple experiment involving a simple slab with a known thickness and permittivity. The slab was defined with a thickness of 250 nanometers, and was illuminated with an angle of incidence of i ¼ 10
. The frequency was varied from 12 to 20 THz (15-25 m wavelength). The defined permittivity is a ramp function starting at ¼ 1000 þ 750i, and decreasing to ¼ 11 at the higher frequencies. The diagonal entries of the extracted permittivity tensor are shown in Fig. 2 .
The extracted zz element is significantly noisier than the xx and yy components. This is due to the rounding present in the output of FLO_K. The FLO_K software reports single precision results, which is the cause of the inaccuracy. The error is on the order of 10 À4 for the xx and yy elements, whereas the fields are reported with an accuracy of 10 À7 . This inaccuracy is particularly detrimental when the transmitted fields approach zero, as metals are likely to do. The xx and yy components of the tensor are very accurate, within a fraction of a percent. This is an interesting note, as the xx and yy terms are both found using the extracted zz component. An error in the zz term will not necessarily induce an error in the other derived components. The inverse of the zz term is extracted and used during extraction, and this value tends to be more accurate than the extracted value.
Anisotropic Samples Aligned Withẑ
The following material is an biaxial anisotropic material with features that are aligned with the laboratory frame of reference. The unit cell, shown in Fig. 3 , is based on a material with a single unit occlusion similar to the one found in [35] . The structure material has a relative permittivity of ¼ 2:86 þ 0:04i and permeability ¼ 1. Arraying the structure in the transverse x , y plane, forms a slab array of rectangular occlusions. The sample's material parameters can be obtained using microwave material measurement techniques.
A FLO_K simulation of the slab sample at X-band (8.2-12.4 GHz) provides normal incidence transmitted and reflected, TE and TM data. The relative transverse permittivity xx is extracted from the TE polarization and TM provides yy . A 2-D Newton root search method is employed based on the work of [36] to solve the free-space form Nicolson-Ross-Weir (NRW) [33] , [37] material parameter extraction equations. This technique yields relative permittivity and permeability data from the simulated transmission and reflection values. The 2-D root search method supports NRW extraction from the electrically thick slab given an initial guess for permittivity and permeability. The extracted material parameter data demonstrates unique transverse permittivities, and also exhibits =2 resonances around 9 GHz due to the electrically thick slab. The extracted permittivities and permeabilities can be seen in Figs. 4 and 5 as the "Root Finding" result.
The PPTE extraction was based on a cavity of length 22.86 mm. The incident fields strike the front of the cavity at a 5 angle of incidence. Two measurements are made (to extract the Á ðxxÞ and Á ðxy Þ information) at 0 and 90 sample rotation. The extracted permittivities and permeabilities match well with the root-finding case.
A second set of simulations was set up where the angle of incidence was held constant while the sample was rotated through the entire 360 rotation space. These simulations took approximately two minutes per angle per frequency, resulting in over a day of runtime. The fields that were predicted using the extracted permittivities and permeabilities (a process taking roughly a minute for all wavelengths and angles) matched well with those simulated using FLO_K. Over the wavelength range measured, the relative average field error was less than 0.5%. 
Arbitrarily Rotated Anisotropic Samples
Tilted structures can be shown to have non-zero off-diagonal elements that are significant in size compared to the diagonal elements. These additional elements have caused traditional permittivity and permeability extraction techniques to fail, as much of the needed information cannot be extracted using these methods. The PPTE technique outlined in this article is designed to extract these elements.
The structure examined is a tilted nanorod with a diameter of 100 nm, and a length of 500 nm. The geometry of the unit cell is shown in Fig. 6 . The rod is rotated by 45 about the x -axis, which implies that the extracted tensor will have non-zero yz and zy elements. A silicon substrate suspends the nanorods, which have permittivities based on the silver measurements of Rakic [38] . The nanorods are aligned in a two-dimensional orthogonal array along thex -and y -axes, with 200 nm spacing inx and 500 nm inŷ . The substrate has a thickness of 500 nm, which is used as the material thickness.
The measurements were taken with a 5 angle of incidence. Two sample rotations were measured, 0 and 90 . The extracted permittivities are shown in Fig. 7 , while the extracted permeabilities are shown in Fig. 8 . Note that the extracted yz and zy tensor elements of the permittivity have approximately the same amplitude of the yy and zz elements; this is what would be expected if the material's tensor was a diagonalized tensor multiplied by a 45 rotation matrix aboutx . The off-diagonal elements of the permeability are also non-zero, but are significantly smaller than the diagonal elements.
A rotational measurement shows that the predicted fields are very close to the simulated fields over the entire 360 sample rotation. The same-polarization wave error remained below 1% below 78 THz, while the cross-polarization amplitude error was less than 5% below 67 THz. At 70 THz, the prediction still matches the overall features of the simulated fields. The simulated fields show that the material is optically active beginning at approximately 75 THz, which shows that the effective medium approximation is likely invalid around this range. A comparison between the predicted coefficients and the simulated coefficients at 66 THz is shown in Fig. 9 . The   Fig. 6 . Tilted rod unit cell. The cell has a period 100 nm inx and 200 nm inŷ and has a layer thickness of 500 nm inẑ. The rod has dimensions 100 nm in diameter by 500 nm long and is suspended at an angle of 45 aboutx in the center of the layer. The material surrounding the rod has a permittivity of ¼ 11, while the rod has the permittivity of silver. field amplitude error averaged over sample rotation as a function of frequency is shown in Fig. 10 . The FLO_K simulations took roughly two days to complete, while the PPTE predictions were calculated in less than 1 min.
Conclusion
Previous permittivity and permeability extraction techniques have relied on simplifying assumptions to make the underlying mathematics tractable which limited the number of situations where they can be used. Specifically, these methodologies can only work with diagonalized permittivity and permeability tensors where the optical axes are aligned with the laboratory frame of reference; failing to meet this assumption means that much of the needed information is missing. This extraction technique is built on the underlying assumption that any element of either the material's permittivity or permeability tensor can be non-zero. This allows for the analysis of significantly more complex materials compared to previous techniques. Examples of this technique are shown for an isotropic case with known permittivity, an anisotropic case aligned with the laboratory frame of reference, and an anisotropic case where the off-diagonal elements prevent it from being measured using traditional techniques. In all cases, the simulated data matches well with the predicted characteristics using the permittivity and permeability tensor extraction technique. 
